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It is well known that one cannot construct a self-consistent quantum field theory describing 
the non-relativistic electromagnetic interaction mediated by massive photons between a point-like 
£NJ . electric charge and a magnetic monopole. We show that, indeed, this inconsistency arises in the 

classical theory itself. No semi-classic approximation or limiting procedure for h — > is used. As 
a result, the string attached to the monopole emerges as visible also if finite-range electromagnetic 
interactions are considered in classical framework. 
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PACS numbers: Electrodynamics (03.50.De), quantum field theory (11.10.-z), magnetic monopole (14.80.Hv), 
massive photon (14.70.Bh) 
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In his classical works, Dirac showed that the existence of a magnetic monopole would explain the electric charge 
quantization This is known as the Dirac quantization rule. There exist various arguments based on quantum 
mechanics, theory of representations, topology and differential geometry on behalf of Dirac's rule 0, Dirac's 
formulation of magnetic monopoles takes into account a singular vector potential. Other approaches exist where two 
non-singular vector potentials, related through a gauge transformation, are used [HIE]- Finite-range electrodynamics is 
C^} ' a theory with non-zero photon mass. It is an extension of the standard theory and is fully compatible with experiments, 
t^- \ The existence of Dirac's monopole in massless electrodynamics is compatible with the above quantization condition 
if the string attached to the monopole is invisible. The quantization condition can be obtained either with the help 
of gauge invariance or angular momentum quantization. In massive electrodynamics, both these approaches are no 
longer applicable 6] . These conclusions are formulated in a quantum framework which is a quantized version of the 
O ' classical one. The Hamiltonian formulation and the problems involved in quantization of Dirac's theory of monopoles 
have been extensively discussed in the past and is still an active field of research 0, § . Major work on the quantum 
1-^ ■ field theory of magnetic charges has been developed by Schwinger [j| [l(J, [H| and Zwanziger [12] • Recent work on 
constructing a satisfactory classical relativistic framework for massive electrodynamics and magnetic monopoles from 
a geometrical point of view has been considered in [l3|, [l4| ■ A complete update on the experimental and theoretical 
status of monopoles is presented in [l5j . 

In this letter we consider the problem of constructing the static limit of a consistent classical, non-relativistic 
electromagnetic theory describing a point-like electric particle with charge e and mass m moving in the field of a 
fixed composite monopole of charge e m , where their mutual interaction is mediated by massive carrier gauge fields. 
The total magnetic field B is comprised of point-like magnetic charge, a semi-infinite string along the negative 
z-axis and diffuse magnetic field contributions. We impose that the electrically charged particle must never pass 
through the string (" Dirac- veto" ) [l6[ and therefore the motion of the test charged particle is constrained to region of 
motion R + := {(r, 0, ip) : r £ R^~, 9 <E [0, 7r), ip <E [0, 27t]}. It is known that no spherically symmetric diffuse magnetic 
field solutions are allowed in Maxwell's classical electrodynamics with massive photons and magnetic monopoles 
Requiring the theory presented here be endowed with a well-defined canonical Poisson bracket structure, it is shown 
that the total angular momentum is the generator of rotations. Furthermore, by demanding proper transformation 
rules under spatial rotations for the allowed magnetic vector field solutions, it is shown that only spherically symmetric 
diffuse magnetic fields satisfy the Lie algebra of the system. This leads to conclude that the permitted solutions to the 
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generalized Maxwell theory are incompatible with the Lie algebra of the Hamiltonian formulation. As a consequence, 
any quantization procedure applied to this classical theory would lead to an inconsistent quantum counterpart. 

Maxwell's equations with non-zero photon mass and magnetic charge follow from a standard variational calculus 
[l7l Il8j of the Maxwell-Proca-Monopole action functional. The field equations for the electromagnetic 4-vector 
potential together with the Bianchi identities and Lorenz gauge condition d^A^ = 0, lead to the generalized 
Maxwell equations in three-dimensions: 

V • E = Anp e - m 2 A Q , V x E = -c^dtB - 47rc~ 1 j m , (1) 



V • B = Anp m , V x B = 47rc _1 j e + c^dtE - rrv^A, (2) 

where m 7 = — and lu is the frequency of the photon. In absence of electric fields, charges and currents, as well as the 
absence of magnetic current, the static monopole-like solution of this system is, 

B = B (Dirac) + 5 7 (3) 

where B( Dlrac > is the standard Dirac magnetic field, 

g(Dirac) _ ^ 

whose divergence and curl are given by, 

V • B [Dlrac ^ = 47re m (5 (3) (r) and V x B^ Dirac ^ = 0. (5) 
The diffuse magnetic field B 7 (r) is given by the following general expression, 

B 1 {f) = b^\r, n ■ r)r + 6l 2 '(r, n ■ r)n (6) 

where and are general scalar field functions and n is a unitary vector along the monopole string. The magnetic 
field Bj(f) is such that, 

V • B 7 = and, VxB 7 = -m 2 , ( { A^ Dlrac ^ + A 7 ). (7) 
The vector J 4(- Dirac ) j s the standard singular vector potential representing the field of a fixed monopole, 

A^\r) = (3 xr),6^ n, (8) 

r z 1 + cos(^) 

with semi-infinite singularity line oriented along the negative z-axis, where e m is the magnetic charge. The vector 
potential Aj (r) is given by the following general expression, 

-^■7 (^) = e m^n 2 f 1 (m 1 r,m 1 f- n)(n x r) (9) 

where f 7 is a generic scalar field function. Because of the second equation in (7), it is clear that no spherically 
symmetric diffuse magnetic field solutions are allowed, that is to say, solutions like 

B 7 (r) = B 7 (r)r (10) 

are not allowed. 

On the other hand, it is known that the classical non-relativistic theory describing the massless electromagnetic 
scattering of an electric charge from a fixed magnetic monopole does have a Hamiltonian formulation [19]. With this 
result in mind, let us consider the classical non-relativistic theory describing a point-like electric particle with charge 
e and mass m moving in the field of a fixed monopole of charge e m , but let us suppose that the electromagnetic 
interaction is mediated by massive photons. The total magnetic field B is comprised of the point-like magnetic charge, 
string and diffuse magnetic field contributions 



B = B (Dlrac ^ +B 7 = 



V x A imrac ^> + e m f(f)] + Vxi* 7 = VxA + e m f (r) , A = A (Dirac ) + 1 7 (11) 
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where 



fir) =^)(r),U> /)(-)(-:) =$ * ( !Ly 6 I'-''"*' 



sm ( 



(12) 



is the string function having support only along the line n = — z and passing through the origin while is the 
Heaviside step function. 

The classical Newtonian equation of motion describing this system is 



d 2 r e df 

m—rrr — X 



(v x I) 



ee„, df 



dt 2 c dt V J c dt 

The Hamiltonian that gives rise to the above equations of motion reads 



x / (r) = 0. 



HtotaliP, f) 



(p - -A? 

2m 



H string-; -^string 



■*±f (fx /(„).* 



(13) 



(14) 



We impose that the electrically charged particle must never pass through the string (" Dirac-veto" ) and therefore the 
classical equation of motion in the allowed region of motion R + := Ur, 6, <p) : r G Rq , G [0, it), if G [0, 2tt] } is given 
by 



m-— x V x A) = 0. 

eft 2 cdt 



(15) 



The restricted Hamiltonian associated with (fT"5|) is given by 



if (p, r) = 



(p-f^) 2 _ (P-0) (P-r) p (P-r 



2m 



2m 



2m 



2m 



2mr 2 



2m 



2mr 2 
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where p = m4? + |j4 is the canonical momentum vector, P = p— = m^ is the kinetic momentum vector, 
L = f x P is the orbital angular momentum of the system and J = L + s is the total angular momentum such that 
J • s = where 



S = (47TC) 1 



(i? x Bj 



d^T — S mass [ ess + / (7/T 



3 XB 7 



(f-i?) 



(17) 



with S mass l ess — ^f- R 19, 20, l2lT | and i? is the relative vector position between the monopole and the electric charge. 
The vector s is taken as an angular momentum with independent degrees of freedom and must obey the following 
classical Poisson-bracket relation 



(18) 



Observe that H to tai (p, r) is not spherically symmetric due to the occurrence of H string and even in the restricted case 
of H(p, r), the term V x A 1 breaks rotational invariance since 



f x(Vx J 4 T )=|(v.A 7 )-(|.v)A 7 = -(|.v)A r ^0in general 



df 



df 



df 



(19) 



We made use of the transversality condition V • A y = in computing ^ x x A^j [6]. Furthermore, we emphasize 

that we may obtain a spherically symmetric Hamiltonian provided the auxiliary condition (^) fc dk (Ay). = Vj = 1, 
2, 3 is satisfied. Such condition is however unnecessary for our present analysis. 

The Poisson brackets between two generic functions f(p, r, i) and g(p, f, t) of the dynamical variables p and f, are 
defined as, 



{f{p, r, t), g{p, f, <)} = ^2(d Pi fd n g - d r Jd Pi g) 



(20) 



and the basic canonical Poisson bracket structure for the conjugate variables is given by, 

{n, r,} = 0, {n, pj} = -Sij, {pi, pj} = 0. 



(21) 
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Let us show explicitly that J is the generator of spatial rotations so that we can safely define the rank of a tensor by 
studying its transformation rules under such rotations. Let us prove, 

{Ji, Jj} = —EijkJk- (22) 

Using the tensorial notation for the cross product appearing in the definition of J, and using the standard properties 
of a well-define Poisson bracket structure, the brackets in equation (22) become, 

{Ji, M = { }-{ SijkTjPk, £lmnTmA n } + 

— {SijkTjA-k, £lmn r mPn} ~\~ {^ijkfjAk, £lmn r mA n } ~\~ { s i, S[} • (23) 

Using the basic canonical Poisson bracket structure expressed in (21) and the standard properties of Poisson brackets 
together with the following identity, 

£ijk£mlk = S lm 8ji - StlSjm (24) 

the first bracket on the rhs of (23) becomes, 

{sijkrjPk, £i mn r m Pn} = nPi - npi. (25) 
Similarly, the second, the third and the fourth brackets on the rhs of (23) become, 

{S'ijkTjPki £lmn r mA n } = ^il r nA n fl-^-i ~\~ £ijk£lmn,TmPk {A n , Tj } (26) 

— {^ijk^jAk, Elmn r m Pn] = -S t ir k A k + nAi + {r m , Ak] (27) 

{^ijk^jAk, Sl mn T rn A n ^ £ijk£lmn r Tj A n {v m , Ak} £ijk£lmn^mAk {A n , T j } . (28) 

The last bracket on the rhs of (23) is given by (18). Finally, substituting these five brackets in the rhs of (23) and 
ordering them properly, the Poisson brackets of J become, 

{ Ji, Ji} = (npi - npi - nAi + r. l A l - £a m s m ) + 

~^~£ijk£lmn [fmPk {A n , Tj} TjPn {r m , A k }} + 

^SijkSlmn [ r jA n {Ak, T"mf ~ r mAk {A n , ■ (29) 

Because of the full antisymmetry of the Levi-Civita tensor, 

^ijk^lmn^mPk {A n , Tj} ^ijk^lmn^jPn {A n , T m } 

(SijkSlmn ~ £imn£ljk) r mPk {A n , Tj } = 0. (30) 

Therefore, equation (29) becomes, 

{Ji, Ji} = up,, - Tipi -nAi + nAt - e am s m = 

= -£ilm[£mnkr n (Pk - A k ) + S m }. (31) 

Using equation (24), we obtain 

- £iim£ m nkr n Pk = (nPi - npi) and £ii m e mn kr n A k = -(nAi - nAi) (32) 

and finally, 

{Ji: Jl} = —ZilmJm- (33) 

At this point, we have all the elements to show the classical inconsistency of the problem. Recall the kinetic 
momentum vector is defined as, 

P d = p- -A, A = A y + A^ mrac \ (34) 
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Let us assume that there exist a well-defined Poisson bracket structure in the classical theoretical setting in consid- 
eration. In particular, let us assume a well-defined classical Poisson bracket structure among the vector fields J, P, 
and r, that is, 

{Ji, Jj} — SijkJki {Ji, r j} = ^ijk r k, {Ji, Pj} = ^ij k P k . (35) 

Being J the generator of rotations, it is required that any arbitrary vector v must satisfy the following classical 
commutation rules, 

{Ji, vj} = -SijkVk- (36) 
Therefore, let us study the transformation properties of the magnetic field under spatial rotations. It must be, 

{Ji, Bj} = -e i]k B k . (37) 
In terms of the magnetic field decomposition, equation (37) is equivalent to, 

{Ji, B f irac) ] = -s ijk Bi Dirac) and {J 4 , (B 7 ),} = -e« fc (B 7 ) fc . (38) 

It is quite straightforward to check the validity of the first equation in (38), as a matter of fact, 

{juBf^} = {j i) ^r J } = ^{J i> r J } + {j i ,^}r i 

= - £ ijk^-r k = -e ijk B k '. (39) 

Let us consider the validity of equation (37), where the total magnetic field B is given by 

Bj (r, 9, ip) = £jirrAA m (r, 9, ip) + e m fj (r) . (40) 

By virtue of the "Dirac-veto" , the magnetic field Bj (r, 8, ip) "felt" by the electric charge reduces to 

Bj (r, 9, <p) = £ji m diA m (r, 6, (p) . (41) 

Fixing the constants c and e equal to one for the sake of convenience, let us consider first the Poisson brackets of 
the kinetic momentum vector components. Using (21), the standard properties of Poisson brackets together with 
equations (24) and (41), we obtain, 

{P u Pj} = -e ijk B k . (42) 
Multiplying both sides of (42) by we obtain 

£ijn {Pi, Pj} = —£ij n £ijkB k = —2S nk B k = —2B n (43) 

and therefore, 

B k = -\e ijk {P i ,P j }. (44) 

Therefore, substituting B k of equation (44) into (37), we obtain 

{Ji, Bj} = -\e lm j {J l7 {P, P m }} . (45) 

The double commutator in equation (45) cannot be calculated in a direct way. However, because we are assuming 
the existence of a well-defined Poisson bracket structure among the vectors J, B and r, this double commutator can 
be evaluated by using the following Jacobi identity, 

{J u {P, P m }} + {P m , {J u P}} + {P, {P m , Ji}} = 0. (46) 

Thus, using the fact that J is the generator of rotations, that P transforms as a vector quantity under rotations, and 
using equation (24), we obtain 

{Ji, {Ph Pm}} = -6 a B m + S im Bi. (47) 
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Substituting equations (44) into (47), we obtain 



{Ji : Bj} — £ijm-B m . 



(48) 



Therefore, we have shown that in a pure classical theoretical framework given by the Poisson brackets formalism, the 
commutation rule between the generator of spatial rotations and the total magnetic field is expressed in (48) . Our last 
step is to calculate the Poisson brackets between J and the magnetic field B 1 . Using equation (6), standard Poisson 
brackets properties and the fact that J is the generator of rotations, these brackets become, 



-Eijk{B 7 ) k + { Ji, b<f>}rj + | Jj, 6^ 2) } rij 



Poisson 

In order to have proper Poisson brackets, for each vectors n and f, the following relation must hold 

{j i ,bW}r J + {j i ,bW}n j =0. 
Observe that the second Poisson bracket in the rhs of (49) contains a term quadratic in n k , 

{j h bW} nj = (dp^idr^Tlj = (d pk J t ) [d r b& r ± +d(? ^ b V) „ fc ] n . 



(49) 



(50) 



= ~d Pk Ji d r b^r k rij + d Pk J l d^ ) b^n k n ] . 



Since, the proper Poisson brackets should be linear in n k , we require 

d (r , n) b^ = o. 

There is no way to cancel out this term in (49), then it must be, 



bi 2 



0. 



(51) 



(52) 



(53) 



We now consider the first Poisson bracket on the rhs of (49) . Because of the anti-symmetry in the indices i and j of 
the term Eij k {B 1 ) k , it must be 



{j i ,bW}r j + {j j ,by}r i = Q 



that is, 



{j i ,bV}r i = o. 

Explicitly, equation (55) becomes, 

- (d Pk Ji)(dr k b^)n = (O^Ji) dr b^+d^b^n k 
= \{9 Pk Ji){ d r b^)r k n + {d Pk Ji){d u ^b^)n k n. 



(54) 



(55) 



r t = 



(56) 



We neglect the quadratic term in r k in equation (56) since this term has no analog in the proper Poisson brackets. 
Then, we have 



Recalling that 



then, 



%. B) &W =0. 

n = -z = - jcos(0)f-sin(0)?j = - cos(0)f + sin(0)? 
n-r — — cos(0) = 9 — dependent. 



(57) 



(58) 



(59) 
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Therefore, equation (57) is satisfied by an arbitrary scalar function b 7 (r). As a consequence, the magnetic field _B 7 is 
not 0— dependent (in a more general situation in which n is not along the z-axis, we would conclude that the magnetic 
field is not (9, ip)— dependent). B 1 must be a spherically symmetric field whose general expression is the following, 

B 7 (r) = B y {r)r. (60) 

In conclusion, in order to have a well-defined classical Poisson bracket structure in the problem under investigation, one 
must deal with diffuse magnetic field solutions exhibiting spherical symmetry. However, those very same solutions 
are not compatible with massive classical electrodynamics with magnetic monopolcs. This result means that it is 
not possible to formulate a consistent non-relativistic classical theory describing the finite-range electromagnetic 
interaction between a point-like electric charge and a fixed Dirac monopole without a "visible" string. In other words, 
there is no way to construct a consistent Lie algebra in our classical framework and this leads to the conclusion that 
there is no angular momentum to be quantized in order to give the Dirac quantization rule. This fact points out that 
the string attached to the monopole is visible and there is no way to make it invisible when considering finite-range 
electromagnetic interactions in a pure classical framework. The Dirac string must assume dynamical significance if 
the photon has a non- vanishing mass and its dynamical evolution may play a significant role in a quantum description 
of the Dirac theory. In conclusion, we have shown that it is not possible to construct a non-relativistic classical theory 
of "true" Dirac monopoles (invisible string, "monopole without a string") and massive photons unless the string 
attached to the monopole is treated as an independent dynamical quantity. An important feature of our approach is 
that we do not use any kind of semiclassical approximation or limiting procedure for h — > 0. 



APPENDIX A: THE GENERATOR OF SPATIAL ROTATIONS 

We show that J is the generator of spatial rotations, that is, 

{Ji, Jj} = -e ijk J k . (Al) 

Notice that, 

{Ji, Ji} = {eijkVj (Pk - A k ) + s iy si mn r m (p n - A n ) + s t } 

{^-ijkTjPk ~ ^-ijk^j-^-k ^is ^Imn^mPn ^Imn'^m-^-n ~t~ 

— {^-ijk^jPki ^Im.n^rnP ri } {^ijk^jPki ^IrwoXm A n } {SijfcTjAk) ^Imn^mPriJ 

} + {si, si}. (A2) 
Therefore there are five Poisson brackets to be calculated. Consider the first one, 

{^ijk'TjPk-) £lrnnTrnPn\ — ^ijk^lmn {^jPk^ ^mPn\ — ^ijk^lmn [Tj \jPk-, TmPn} H~ vj ^mPn\ Pk] 

^ijk^lmn [ f*j {^mPni Pk} ~ {j^mPm ^j)Pk\ 

,• {r m {Pn, Pk} + {r m , Pk}Pn)] + [- {r m {p n , r 3 } + {r m , rj}p n )p k ] 

— ^ijk^lmn [^mk^jPn ^nj^mPk] — ^ijk^lmn^mkfjPn ^ijk^lmn^nj^mPk 
^ijk^-lkn^ jPn ^ink^lmn^mPk ^ijk^-lnk^jPn T" ^ikn^-lmn^mPk 

= - (Sii6 jn - S in 6ji)rjp n + {5uS km - 5 im S lk ) r m p k 

= -5 2 i8 jn r j p n + S in 8jirjp n + 5 u 5 km r m p k - 5 im 8 lk r m p k 

= -Siir n p n + npi + 5 a r k p k - npi = up,, - np t (A3) 

thus, 

{sijkrjPk, ei mn r m p n } = rm - npi. (A4) 
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Consider the second bracket, 

{^ijkTjPki £lmnTm.A n ~\ ^ijk^lmn \j*jPk-> ^m^n\ 

~^ijk^lmn \_Pk-> ^m-^n} ^*m-^n} Pk] 

~^ijk^-lmn [ fj Vm-^n) Pk\ {^m-^n; ^j^Pk] 

^ijk^lmn [ Tj^m {-^n? Pk\ fj {r m , Pk \ -^-n] ~l~ 
~£ijk£lmn {^n? ^j\Pk {^mi Tj} -^-nPk] 

^ijk^lmn [^mk^j-^-n ^mPk {^n; Vj }] 
— ^ijk^lkn^j -A n + Sijk^lmn^mPk {^n? ^7} 
£ijk£l,n,k?*j A n ~\- Sijk^hnn'^'mPk {-^n? / 
= {SilSj n — Si n Sji) TjA n + £ijk£lmn r mPk {^n ; ^j} 

3ii3jnT*j-A n Si n SjiVjA n -\- SijkSi rnn T rn pk {j4 n , r j } 

= ^i/^n^Ui. ~~ H~ £ijk£hnn T mPk {A n , Tj} (A5) 

thus, 

{^ijkTjPk-) £7mnTm^n} — 5uT n A n H-A^ + £ijk^lmn r mPk {-^-n; ^ j } • (A6) 

Using the standard canonical algebra, the third bracket becomes, 

r m Pn} = -5ur k A k + nA t + 

^ijk^lmn^jPn 

{r m ,A k }. (A7) 

For the fourth bracket, we obtain 

{^ijk^jA kl Sl mn r m A n } ^ijk^lran \j"jA k , TVi^n} 

= SijkSimn [fj {A k , r m A n } + {r j , r m A n } A k ] 

= £ijk£lmn \~ r j { r rm A k } A n — f TO {^4nj r j } A k ] 

^ijk^lranX jA n {v m7 A k } £ijk£lmnTmA k {^4 n , ^j) ' (-^-^) 

For the last bracket, let us remind that the vector s is such the Poisson brackets of its components satisfy equation 
(18). In conclusion, using equations (AA), (A6), (A7), (A8) and using the commutation rules of the classical spin, 
equation (A2) becomes, 

{Ji, Ji} = npi - npi + 5 a r n A n - r l A l + e l]k £i mn r m p k {A n , rj} - 5 a r k A k + 

~\- SijkE-lmnT jPn \j*m-> ^k\ ~ ^ijk^lmnfj -A n {r m , -Afc} H - 
~^ijk^lmn'^'m-^-k \-^n: ^jj ' ^ilrn^m 

= {npi - npi -r t Ai + r t Ai - e am s m ) + 

+ {sijk£imn [r m Pk {A n , Tj) - r 3 p n {r m , A k } + r 3 A n {A k , r m } - r m A k {A n , rj}]). (A9) 

Notice that, 

^ijk^lmn^mPk {^nj Tj{ ^ijk^lmn^jPn {A n , T 7n } — {^ijk^lmn ^imn^ljk) TmPk {A n , Tj{ 0. (A10) 

If i = I, then, 

^ijk^lmn ^imn^ljk — ^ijk^imn ^imn^ijk — 0- (AH) 

lii^l, let us say i = 1 and I = 2, then 

SijkSlmn ~ ^imn^ljk = £ljfe£2mn — £lmn£2jk- 

(A12) 

Therefore, the possible non-vanishing pieces are: 

£123^213 — £213^123 = 0, £l32£231 — £23l£l32 = 0, £i32£213 ~ £23l£l23 = 0, etc. etc. (A13) 
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Therefore, equation (A9) becomes, 



{Ji, Ji} = (npi - npi - nA, + r,Ai - e am s m ) 

— £ilm [^mnkfni^Pk ^k) ~h Sm\ 

= -eumJm- (A14) 



Indeed, 



Eilm^mnk'TnPk ^ilm^ kmn^nPk ^ihn^nkm^nPk 

= {SinSlk - SikSl, n ) r n pk = -SmSlkTnPk + &ik&l,nTnPk 

= -npi + npi = (ripi - npi) (A15) 

and, 

ea m e mnk r n A k = nA t + r t A t = -(nA, t - nA t ). (A16) 

This concludes our proof. 

APPENDIX B: THE JACOBI IDENTITY 

Consider the kinetic momentum vector, 

P = p- -A, A = A y + A {Dirac ^ . (Bl) 
c 

Consider the Poisson bracket of the kinetic momentum vector components, 

{Pi, Pj} = { Pi - A u Pj - Aj} = 

= {Ph Pi) - {pu A j} - { A i, Pi) + { A i, A j) = { A j, Pi} - {Ai, Pj} 
= {Aj, Pi } - {A i: pj} = -diAj + djAt = -{diAj - djAi) 

= -SijkBk (B2) 

where 

Bj = Sji m diA m . (B3) 
Using the fact that {Ji, Bj} — —SijkB k and the identity Sijk^mik — SuSjm — SimSji, it follows that, 

^ijkBfc — £ijk£klm&lA m £ijk^mkl^lA m S 'ijk& mlk$l A m 

= -(SimSji - 5u6j m )diA m = -Si m SjidiA m + 5 t i5j m diA m 

= -5 im djA m + SudiAj = diAj - djA, L . (B4) 

Using equation (B2), we obtain 

Sijn {Pi, Pj} = ~£ijn£ijkBk = — 2(5 n fc-Bfe = 2B n . (B5) 

Thus, 

B k = ~eij k {Pi,Pj}. (B6) 
Finally, let us focus on the following Poisson bracket, 

{Ji, Bj} = | Ji, — -Sim] {Pi, Pm} j = --^Slmj {Ji, {Pi, P m }} ■ (B7) 

Using the Jacobi identity, 

{J 4 , {P, P m }} + {P m , {J,, Pi}} + {P, {P m , Ji}} = (B8) 
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we obtain 



{Ji, {P, Pm}} 




(B9) 



Then, using equations (E>6) and (-B9), we obtain 



{Ji, Bj} 




(BIO) 



We have shown that in a pure classical theoretical framework given by the Poisson brackets formalism, the commu- 
tation rule between the generator of spatial rotations and the total magnetic field is, 



We are grateful to A. Caticha and J. Kimball for useful comments. 
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